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THE MIXED BOUNDARY VALUE PROBLEM FOR THE
ELASTIC HALF SPACE

V. N. GAVDZINSKI and E. F. HENAIN

Assiut University. Assiut, Egypt

Abstract-The mixed boundary problem for the half-space occupied by an elastic medium is considered.
Using the Fourier transformation the problem is reduced to the Riemann problem for the system of two pairs

of functions. the solution of which is obtained in quadratures.

WE CONSIDER the semi-infinite region X3 ~ 0 occupied by an elastic medium, and assume
that the displacements Ul and Uz vanish on the semi-plane X3 = 0, Xl > 0; the displace
ment U3 is given on the whole plane X3 = 0; and the tangential stresses are zero on the
semiplane X3 = 0, Xl < O.

The problem mathematically reduces to finding the displacements uj (j = 1,2,3)
vanishing at infinity and satisfying Navier's equations [IJ

m of}
&u j +--

2
-;- = 0, (j = 1,2,3) (1)

m- UXj

inside the half space; where f} = Ui,i = div u, m = const > 2. On the boundaries we have

UiXI'XZ,+O)=O; (j=1,2); XI>O, -00<x1<+00 (2)

U3(XI,X1' +0) = g(XI,X1), -00 < Xl < +00, ~OO < Xl < +00 (3)

t j3 (X t ,X1 , +0) = 0, (j = 1,2), Xl < 0, -00 < Xl < +00. (4)

The solution of (1) can be put in the form

(5)

where

Uikt,kl;X3) = [Aj(kl,k1)+X3Bikl,k1)Je-~x3; (j = 1,2,3), (6)

et = J(kf+kD ~ O. (7)

The functions Alk 1 , k1 ), Blkt , k z) satisfy the relations

-mk.
B j = (3m_:)et(k tA t +kzA z -ietA3); (j = 1,2); (8.1)

(8.2)
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Assume that the displacements U I , U2 and the stress are T 13' T 23 on the plane X 3 = 0
are defined by

U I (X I ,X2 , +0) = cf>-(X I ,X2); U2(X I ,X2, +0) = tIt-(X I ,X2); lxIi, Ix21< 00 (9.1)

1 1
-T I 3(X I , X2' +0) = cf>+(x l , X2); -T13(X I , Xl' +0) = tit +(Xl> X2) (9.2)
JJ. JJ. '

where JJ. is the shear modulus and the unknown functions cf> ±' tit ± satisfy the conditions
(2), (4) i.e.

cf> + == tit + == 0,

cf>- == tit - == 0,

(XI < 0);

(XI> 0).
(10)

Substituting from (5) and (6) in (9) yields

A l = «1>-, A 2 = '1'-, (11)

(13)

(12)
-ikl A 3 +BI -cd l = «1>+

-ik2A3+B2-aA2 = '1'+

where «1>±(k
"

kl ); 'P±(k
"

kl ) and G(k l , k2) are the double Fourier transformations of the
functions cf>± (Xl' Xl); tit ± (x" Xl) and g(x i ,Xl) respectively.

Eliminating Aj and Bj (j = 1,2,3) from (11), (12) and (8) we arrive at the equations

+ _ 1( 2 mkf )"'- mk l k2 \1/- 2' m-2 k G«1> - -- a +-- 'V - T - 1-- I
a 3m-4 (3m-4)a 3m-4

m+ mk l k2 "'- 1( 1 mk~ )\1/- 2' m-2 k G
T = - w -- a +-- T 1-- 2 .

(3m-4)a a 3m-4 3m-4

The obtained Riemann problem (10, 13) for the system of two pairs of functions can
be solved by means of simple factorization [2]. In fact taking

a = .J(kf + k3) = - [.J(k , + ik2 )+J [.J(k , - ik2 )-J = - K +K

and then using the solution of the jump problem [2J we obtain

«1>+ = _1_{ik 2(m-2)[GK+J+ +C (k )}
K+ I 3m-4 I 1

'1'+ = _1_{ik 2(m-2)[GK+J+ +C (k )}
K+ 2 3m-4 2 2

«1>- = K- zC(1 +v)ki+kDCklQ+(kl)+Cl(kl)J-vklk2[kln+(kl}+CI(k2)]
(1 + v)a

'I' K- 2 [ki + (1 + v)k~J[k,n+ (k 1)+ C I (kl)J - vk ,kl[kln~ (k l )+ C1(k2 )J
(1+v)a

where C l (k2) and Cikl ) are so far arbitrary functions, and

(14)

m
V=--;

3m-4
(15)
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In order that the formulae (14) and (15) would give the solution of the Riemann prob
lem (13) it is necessary to eliminate the double poles of the functions '1'- (~, k l ) and $- (~, k l )

at the point ~ = ilkll. It turns out that it is sufficient to choose C1(kl ) and Cl(kl ) in the
following form

2ilkl IQ+(ilkl l)

v+2

2kl Q+(ilkl l)

v+2
(16)

Thus, substituting from (15) and (16) into (14), then using (11) and (12) we find Aj and
Bj . The solution of the problem (1-4) has the form (6).
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A6CTpaKT-J1ccJle,11yeTcli CMewaHHali KpaeBali 3a,11aqa ,11J111 nOJlynpoCTpaHcTBa 3aHIIMaeMoro ynpyroii
cpe,11oii. ITYTeM nplIMeHeHlIlI npeo6pa30BaHII1I <I>YPbe, 3a,11aQa CBO,11I1TCli K 3a,11aQe PIIMaHHa ,11J111 CIlCTeMbI
,11BYX nap cPYHKl.\lIii, peweHlle KOTOpblX rroJlYQaeTCli B KBa,11paTypax.


