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THE MIXED BOUNDARY VALUE PROBLEM FOR THE
ELASTIC HALF SPACE
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Abstract—The mixed boundary problem for the half-space occupied by an elastic medium is considered.
Using the Fourier transformation the problem is reduced to the Riemann problem for the system of two pairs
of functions, the solution of which is obtained in quadratures.

WE CONSIDER the semi-infinite region x; > 0 occupied by an elastic medium, and assume
that the displacements u; and u, vanish on the semi-plane x; = 0, x; > 0; the displace-
ment u; is given on the whole plane x; = 0; and the tangential stresses are zero on the
semiplane x5 = 0, x; < 0.

The problem mathematically reduces to finding the displacements u; (j = 1,2,3)
vanishing at infinity and satisfying Navier’s equations [1]

Mupe s =0 (=123 (1)
inside the half space; where 8 = u;; = divu, m = const > 2. On the boundaries we have
ufxy, x5, +0)=0; (j=1,2); x; >0, —0 <X, < +®© 2)
us(x;, x2, +0) = glx,, x,), -0 < X, < +00, —00 < Xy < +00 (3)
730Xy, X3, +0) = 0, (j=1,2), x; <0, —0 < Xy < + 00, 4)
The solution of (1) can be put in the form
1 [Fo e .
ux,, Xy, X3) = EELW f_m Uk, ko X3) e "®xitkes) gie dic, | (5)
where

Ujky,kysx3) = [Afly, ko) +x3Bjlky ky)le” ™25 (j=1,2,3), (6)
o= /(k}+k3) > 0. (7

The functions Ak, , k), Bjlk,, k,) satisfy the relations
B = i k4, +kpdy—indy); (= 1,2); (8.1)

(Bm—4)

L= (_3-;—"17)(k1A1+k2A2—iaA3). (8.2)
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Assume that the displacements u,, u, and the stress are 7,3, 7,5 on the plane x; = 0
are defined by

u{xy,x,, +0) = ¢_(x;,x,); uy{xg, %, +0) = ¥_{x;,x3); x4, lxzi <o (31
1 1
2713(X1,XZ, +0) = ¢+(x17x2); 2123(x11x2a +0) = ‘Il+(x1’x2) (92)

where g is the shear modulus and the unknown functions ¢, , ¥, satisfy the conditions
2), @) ie.

= = (), {(x, < 0);
P =y, 1 (10)
o=y =0, {x, > 0).
Substituting from (5) and (6) in (9) yields
A4, =0, A,=V¥, A,=6G (11)
—ik, A+ B —~ad, = ¢
1413 1 1 (12)

—ik A +Bz_aA2 == \P+

where ®*(k,, k,); W*(k,, k,) and G(k,, k,) are the double Fourier transformations of the
functions ¢, (xy, x,); ¥.(x,, x,} and g{x,, x,) respectively.
Eliminating 4; and B; (j = 1,2,3) from (11), (12) and (8) we arrive at the equations

1 mk? mk k m—2
+ Tl N2 1 - 172 -y
®r= a(“ +3m—4) G’ am—aiC )
N mkks, __ 1f ,  mk3 m—2
= ke - 2 - 2 k,G.
¥ GBm—4 o * 3m—4 13 —4?

The obtained Riemann problem (10, 13) for the system of two pairs of functions can
be solved by means of simple factorization [2]. In fact taking

= JK} +k3) = —[Jlky +iky) ][k —ik;) "] = —K'K~

and then using the solution of the jump problem [2] we obtain

(D*:%{ik fm 2’[ K*1* +C,lks )}

2Am—2
¥ = o {kz 3('" Dk 4, kz)%

- (14)
Q= (lf s[(L+ VKT + k31 [k, Q7 (k) + Colkea)] — vk  kalk Q7 (hy )+ C o (k)]
= Tk (LRI )+ )] vkl () + o)
where C,(k,) and C,{k,) are so far arbitrary functions, and
y= " Q*(k,) = i (’" 2)[GK+J- (15)

m—4’
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In order that the formulae (14) and (15) would give the solution of the Riemann prob-
lem (13) it is necessary to eliminate the double poles of the functions W~ (&, k,) and @~ (¢, k,)
at the point ¢ = ilk,|. It turns out that it is sufficient to choose C,(k;) and C,(k,) in the
following form

2ilk,|Q7 (ilk,)) _ 2k, Q7 (ilk,))
BT R s

Thus, substituting from (15) and (16) into (14), then using (11) and (12) we find 4; and
B;. The solution of the problem (1-4) has the form (6).

Cilky) = (16)
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AolcrpakT—Hccneayetcs cMelllaHHas KpaeBas 3ajada Aisi MOJYIPOCTPAHCTBA 3AHHMaeMoOro YNpyroi
cpenoit. IlyTem npumenenus npeobpasosanus Pyphe, 3aaa4a CBOAUTCA K 3anaye PUMaHHA AT CHCTEMBI
ABYX Map (byHKuui, pelieHMe KOTOPBIX I0J1y4aeTCs B KBagpaTypax.



